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Abstract

We study the path of a photon as caused by a ”cosmic string”, a
hypothetical mass distribution with zero radius. In order to do so we
begin by equating the Ricci tensor to zero. Using variational calculus
the Christoffel symbols are obtained. With those symbols we’re able
to solve the Ricci tensor components. In the end a solution for the
metric is obtained containing two constants.

One of the constants is fixed by comparing the obtained metric to
the Newtonian limit. Since one constant couldn’t be solved we divert
to the Weyl metric. Using that metric we calculate the photon orbits.
We also do that with an extra metric that shows a conical spacetime.
This cone shape is used as an explanation for distortion free deflection
of light which happens in gravitational lensing.

1



Contents

1 Introduction 4
1.1 Cosmic strings . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 Two-dimensional gravity and cosmic strings . . . . . . . . . . 4
1.3 Observations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 This report . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 The Newtonian limit of a line mass 5
2.1 The potential . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Newtonian approximation of the metric . . . . . . . . . . . . . 6

3 Solution of the Einstein equations 7
3.1 Using the symmetries . . . . . . . . . . . . . . . . . . . . . . . 8
3.2 Christoffel symbols . . . . . . . . . . . . . . . . . . . . . . . . 9

3.2.1 t component . . . . . . . . . . . . . . . . . . . . . . . . 10
3.2.2 r component . . . . . . . . . . . . . . . . . . . . . . . . 10
3.2.3 ϕ component . . . . . . . . . . . . . . . . . . . . . . . 10
3.2.4 z component . . . . . . . . . . . . . . . . . . . . . . . 11

3.3 Ricci tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.3.1 tt component . . . . . . . . . . . . . . . . . . . . . . . 11
3.3.2 rr component . . . . . . . . . . . . . . . . . . . . . . . 11

3.4 The metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4 Analytical solutions to the Weyl metric 13
4.1 The Weyl metric . . . . . . . . . . . . . . . . . . . . . . . . . 13
4.2 The Weyl metric in the Newtonian limit . . . . . . . . . . . . 15

5 Numerical solutions to the Weyl metric 15
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
5.2 General Method . . . . . . . . . . . . . . . . . . . . . . . . . . 16

5.2.1 Effective potential . . . . . . . . . . . . . . . . . . . . 16
5.2.2 Equations of motion . . . . . . . . . . . . . . . . . . . 17

5.3 Testing the general method with the Schwarzschild metric . . 18
5.3.1 Effective potential . . . . . . . . . . . . . . . . . . . . 18
5.3.2 Equations of motion . . . . . . . . . . . . . . . . . . . 18
5.3.3 The deflection of light . . . . . . . . . . . . . . . . . . 21

5.4 Using the Weyl metric . . . . . . . . . . . . . . . . . . . . . . 21
5.4.1 Complete motion . . . . . . . . . . . . . . . . . . . . . 24
5.4.2 Deflection of light . . . . . . . . . . . . . . . . . . . . . 30

2



6 Another axisymmetric solution 35
6.1 The axisymmetric metric . . . . . . . . . . . . . . . . . . . . . 35
6.2 Christoffel symbols and the Ricci-tensor . . . . . . . . . . . . 36
6.3 Effective potentials . . . . . . . . . . . . . . . . . . . . . . . . 37
6.4 Conical geometry . . . . . . . . . . . . . . . . . . . . . . . . . 37

7 Gravitational lensing 39
7.1 Distortion-free lensing of cosmic strings . . . . . . . . . . . . . 40
7.2 Time delay in cosmic string lensing . . . . . . . . . . . . . . . 40

8 Conclusion 41

3



1 Introduction

Two intensively studied fields in contemporary physics are the General The-
ory of Relativity (GR) and string theory. Whereas of course the latter is a
promising attempt to combine GR with quantum mechanics, there recently
appeared a second connection between both, see [1]. The importance of this
second connection, which is in the area of macroscopic strings and the de-
formation of space-time they exhibit, for cosmology remains to be seen, but
some interesting physics will not pass unnoticed.

1.1 Cosmic strings

String theory is meant to be a theory of everything, and therefore it should
also explain the universe. String theory can give rise to inflation, see [5].
In this process a special kind of string is formed. These strings represent
trapped energy. To lower this energy (as nature always tries) the strings
will tend to shrink. The expansion of the universe, however, stretches them.
These strings will be either extremely long, or closed loops. If there are
strings longer than (or with a radius bigger than) the radius of the visible
universe, they would still exist today.

The important thing about cosmic strings is their stability. The kind of
strings that were able to survive until today should either be closed loops, or
open strings, longer than the radius of the visible universe (well approximated
by an infinite length). Because there is trapped potential energy in these
objects, a mass per unit length can be assigned to them. In this case cosmic
strings are a ’source of gravity’.

1.2 Two-dimensional gravity and cosmic strings

If we focus to the concept of the infinitely long string, the gravitational prob-
lem corresponding to this mass-distribution is that of 2-dimensional gravity,
because of the translational symmetry along the length of the string. Actu-
ally it is of course better to call this gravity in 2 + 1 dimensions, because the
2 only refers to the spatial dimensions.

From a theoretical point of view, this kind of gravity is already inves-
tigated in some detail. In this 2 + 1 dimensional world some remarkable
properties of the gravitational potential and space-time around masses will
be adressed in this report.
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1.3 Observations

The reason for this investigation is the fact that recently two possible dis-
coveries of gravitational lensing by strings have been reported (see [6] and
[7]). Both candidates can in principle be explained by other means, though
a cosmic string seems a reasonable option. The lensing by cosmic strings
(or lensing around a point mass in 2 + 1 dimensions) has some remarkable
properties, that will be explained in this report.

1.4 This report

This reported is structured as follows. First we derive the Newtonian limit
for an infinite line mass. We need this limit in order to fix the constants
when deriving a solution for the Einstein equations.

The deriving of the Einstein equations is the subject of the next section.
After that we switch to the Weyl metric of a line mass. We solve the Weyl
metric numerically and present the resulting photon orbits.

We do the same with another axisymmetric metric. We will show that
spacetime of this metric has cone-like properties. Because of those properties,
the flat space can produce double, distortion free, images.

In all derivations and calculations it is assumed that the cosmic string is
perpendicular to the line connecting the observer and the observed object.

2 The Newtonian limit of a line mass

The Newtonian version of the gravitational field of an infinitely long and thin
linemass along de z-axis in polar coordinates can be determined from the so
called Newton field equation:

∇2Φ = 4πGρ (1)

In which Φ is the scalargravitational potential, G is the gravitational constant
and ρ is the mass density (in this case a delta function at r = 0). In such a
potential, the gravitational force acting on a particle with mass m is given
by

FG = −m
−→∇Φ (2)
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2.1 The potential

With the help of the well known theorems for vector analysis, equation 1 can
be written in integral form:

∮

∂V

(
−→∇Φ) · da = 4πG

∫

V

ρ dτ (3)

for the potential in a volume V , with (closed) boundary ∂V . This form is
equivalent to a Gauss-law in electrodynamics and we will therefore call it
the gravitational Gauss law. We also can construct a gravitational Gaussian
surface. We choose a cylinder with its axis along the z-axis. By (rotational)
symmetrical arguments one can argue that on the mantle of this cylinder
the potential is constant. The gradient of the potential will be point radially
away from the axis, because of the translational symmetry along the z-axis.
The top and bottom of our cylinder therefore have zero integrands.

The integral on the right can be seen as the enclosed mass (it is after all
a volume integral over the density). We will call the mass per unit length µ.
If our Gaussian cylinder has length l and radius r (so we can calculate the
gradient of the potential at a distance r) equation 3 will become

2πrl
−→∇Φ = 4πGµlr̂ (4)

which reduces to −→∇Φ =
2Gµ

r
r̂ (5)

To get an implicit description of the potential we have to integrate this from
the z-axis to a certain distance r:

Φ =

∫ −→∇Φ · dl = 2Gµ ln r (6)

2.2 Newtonian approximation of the metric

With the help of the potential in equation 6, we can construct a newtonian
approximation of the metric. Of course it is not possible to construct an
exact metric that will give rise to the forces described by equation 2, because
newtonian gravity is not a metric theory (it does not confirm with special
relativity), but we can try to get as close as possible.

In order to do so we start by giving the classical equation of motion in a
gravitational field:

d2xi

dt2
+

∂Φ

∂xi
= 0 (7)
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In this equation of course, the i refers to the three spatial coordinates (r, ϕ, z),
so the partial derivative only has a non-zero value for the r-component. The
t mentioned herein is the universal absolute time. We can parametrize the
four dimensions used in general relativity by parametrizing with the proper
time λ; a curve is described by the functions (t(λ), r(λ), ϕ(λ), z(λ)). Because
we are in a classical, Euclidean universe, this proper time can only relate to
the universal time as λ = at + b, so the second derivative in the equation
of motion (equation 7) will become zero when evaluating it for the time-
component of the coordinates. With this parametrization, equation 7 can be
written as

d2t

dλ2
= 0 ,

d2xi

dλ2
+

∂Φ

∂xi

( dt

dλ

)2

= 0 (8)

Comparing this to the well known geodesic equation, we can easily recognize
the Christoffel symbols. The only non-zero components are

Γi
tt =

∂Φ

∂xi
(9)

In which i = r, ϕ, z. Because the potential only depends on the r-coordinate
the only Christoffel symbol that is non-zero is Γr

tt = 2Gµ
r

. This also leaves us
with only 1 non-zero component in the Riemann-tensor:

Ri
tjt =

∂2Φ

∂xi∂xj
→ Rr

trt =
∂2Φ

∂r2
= −2Gµ

r2
(10)

As stated before, newtonian gravity is not a metric theory. Therefore we
cannot find a metric which generates the Christoffel symbols in equation 9
exactly. We weren’t able to obtain an approximating metric. However, equa-
tion 6 is useful in fixing one of the constants in the metric (see section 3.4).

3 Solution of the Einstein equations

The Einstein equations are given by

Gµν = −8πG

c2
T µν (11)

where Gµν is the Einstein field tensor and T µν contains all information about
the energy and mass distribution. Since we’re only interested in solving the
Einstein equations in empty space it follows that T µν = 0 and therefore that
Gµν = Rµν − 1

2
gµνR = 0. It can be shown that it is sufficient to solve for

Rµν = 0 (12)
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3.1 Using the symmetries

We are seeking the solution of a cylindrical symmetric and static mass distri-
bution (a line mass) so we choose cylindrical coordinates (t, r, ϕ, z) in which
t stands for the time coordinate, r for the radial coordinate and ϕ for the
angular coordinate around de z-axis.

Since the solution will be cylindrical symmetric, the metric will not de-
pend on on cross terms like grϕdrdϕ. It follows that all terms like grϕ and
gtϕ are zero since the length of a curve in the positive ϕ direction should not
be different from the length of a curve in the negative direction. The same
reasoning brings us to the conclusion that only the terms gtt, grr, gϕϕ and
gzz are not 0.

Since we’re dealing with cylindrical symmetry, all angular information
of the metric is contained within the dϕ2 term. Furthermore, since we’re
looking at static solutions all gαβ terms should be independent of time.

The most general line element is in terms of coordinates (t′, r′, ϕ, z)
2



with G Newton’s gravitational constant, µ the mass per unit length and r
the radial coordinate. Since it’s known that in the weak field limit the gtt

term is given by

gtt = −
(

1 +
2Φgrav

c2

)

the gtt term for the line mass becomes

gtt = −
(

1 +
4Gµ

c2
ln r

)
(14)

The function e2Φ(r) (remark that Φ(r) 6= Φgrav(r)) should have the same
limit, so it follows

lim
r→∞

Φ (r) =
1

2
ln

(
1 +

4Gµ

c2
ln r

)
(15)

Unfortunately we were not able to obtain the full Newtonian expression for
an infinite line mass. Therefore we didn’t obtain an expression for the limit
of Λ(r).

Finally we have arrived at an expression for the line element that will
serve as a starting point for solving the Christoffel symbols

ds2 = −e2Φ(r)dt2 + e2Λ(r)dr2 + r2dϕ2 + dz2 (16)

3.2 Christoffel symbols

Equation 16 gives us L

L = −e2Φ(r)ṫ2 + e2Λ(r)ṙ2 + r2ϕ̇2 + ż2 (17)

by solving the Euler-Lagrange equations

d

dλ

∂L

∂ẋα
− ∂L

∂xα
= 0

and comparing them to the geodesic equation

ẍα + Γα
βγẋ

βẋγ = 0

we can obtain the Christoffel symbols Γα
βγ = Γα

γβ. For the rest of this chapter
the following notation is used

Φ′ ≡ dΦ (r)

dr

Φ̇ ≡ dΦ (r)

dλ
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3.2.1 t component

The Euler Lagrange equations for the t component are solved

d

dλ

∂L

∂ṫ
− ∂L

∂t
= 0 ⇒ d

dλ

∂L

∂ṫ
= 0

d

dλ

(−2e2Φṫ
)

= −2e2Φẗ− 4e2ΦΦ′ṙṫ = 0

⇒ ẗ + 2Φ′ṙṫ = 0

Therefore we conclude
Γt

rt = Γt
tr = Φ′ (18)

All other Γt
αβ are 0.

3.2.2 r component

The Euler Lagrange equations for the r component are solved

d

dλ

∂L

∂ṙ
− ∂L

∂r
= 0 ⇒ d

dλ

(
2e2Λṙ

)− (−2e2ΦΦ′ṫ2 + 2e2ΛΛ′ṙ2 + 2rϕ̇2
)

= 0

⇒ 2e2Λr̈ + 4e2ΛΛ′ṙ2 + 2e2ΦΦ′ṫ2 − 2e2ΛΛ′ṙ2 − 2rϕ̇2 = 0

⇒ r̈ + Λ′ṙ2 + e2Φ−2ΛΦ′ṫ2 − re−2Λϕ̇2 = 0

Therefore we conclude
Γr

rr = Λ′

Γr
tt = e2Φ−2ΛΦ′

Γr
ϕϕ = −re−2Λ

(19)

All other Γr
αβ are 0.

3.2.3 ϕ component

The Euler Lagrange equations for the ϕ component are solved

d

dλ

∂L

∂ϕ̇
− ∂L

∂ϕ
= 0 ⇒ d

dλ

(
2r2ϕ̇

)
= 0

⇒ 4rṙϕ̇ + 2r2ϕ̈ = 0 ⇒ ϕ̈ + 2
1

r
ṙϕ̇ = 0

Therefore we conclude

Γϕ
rϕ = Γϕ

ϕr =
1

r
(20)

All other Γϕ
αβ are 0.
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3.2.4 z component

The Euler Lagrange equations for the z component are solved

d

dλ

∂L

∂ż
− ∂L

∂z
= 0 ⇒ d

dλ
(2ż) = 0 ⇒ 2z̈ = 0 ⇒ z̈ = 0

Therefore we conclude that all Γz
αβ are 0.

3.3 Ricci tensor

The Ricci tensor is given by

Rµν = Γα
µα,ν − Γα

µν,α − Γα
µνΓ

β
αβ + Γα

µβΓβ
να

= ∂
∂xν

(
Γα

µα

)− ∂
∂xα

(
Γα

µν

)− Γα
µνΓ

β
αβ + Γα

µβΓβ
να

(21)

3.3.1 tt component

Combining equations 12 and 21 we find that Rtt = 0 or

Rtt = − ∂

∂r
(Γr

tt)− Γr
tt

(
Γt

rt + Γr
rr + Γϕ

rϕ + Γz
rz

)
+ 2Γr

ttΓ
t
tr = 0

Insert the Christoffel symbols from section 3.2

Rtt = 0 = − ∂
∂r

(
e2Φ−2ΛΦ′)− e2Φ−2ΛΦ′ (Φ′ + Λ′ + 1

r

)
+ 2e2Φ−2ΛΦ′Φ′

= − (2Φ′ − 2Λ′) e2Φ−2ΛΦ′ − e2Φ−2ΛΦ′′

−e2Φ−2ΛΦ′ (Φ′ + Λ′ + 1
r

)
+ 2e2Φ−2ΛΦ′2

= − (2Φ′ − 2Λ′) Φ′ − Φ′′ − Φ′ (Φ′ + Λ′ + 1
r

)
+ 2Φ′2

From this last expression a differential equation for Φ and Λ is found

Φ′′ +
1

r
Φ′ − Φ′Λ′ + Φ′2 = 0 (22)

3.3.2 rr component

Combining equations 12 and 21 we find that Rrr = 0 or

Rrr = ∂
∂r

(
Γt

rt + Γr
rr + Γϕ

rϕ

)− ∂
∂r

(Γr
rr)

−Γr
rr

(
Γt

rt + Γr
rr + Γϕ

rϕ

)
+ Γt

rtΓ
t
rt

+Γr
rrΓ

r
rr + Γϕ

rϕΓϕ
rϕ = 0

Insert the Christoffel symbols from section 3.2

Rrr = 0 = ∂
∂r

(
Φ′ + 1

r

)− Λ′
(
Φ′ + Λ′ + 1

r

)
+ Φ′2 + Λ′2 + 1

r2

= Φ′′ − 1
r2 − Λ′Φ′ − Λ′2 − 1

r
Λ′ + Φ′2 + Λ′2 + 1

r2
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From this last expression another differential equation for Φ and Λ is found



and it follows that

e2Φ(r) = 1 +
4Gµ

c2
ln r

e2Λ(r) = e2·constant−ln(1+ 4Gµ

c2
ln r) = e2·constante− ln(1+ 4Gµ

c2
ln r) (32)

=
K1

1 + 4Gµ
c2

ln r

with K1 > 0.
Insert equations 32 into equation 16 and the line element for a static

cylindrical symmetric mass distribution becomes

ds2 = −
(

1 +
4Gµ

c2
ln r

)
dt2 +

K1

1 + 4Gµ
c2

ln r
dr2 + r2dϕ2 + dz2 (33)

4 Analytical solutions to the Weyl metric

One of the “classical“ tests of general relativity is the deflection of light. The
deflection of light for an infinite line mass is the subject for the following
sections.

Since our metric (33) still contains an undetermined constant, we first
try an alternative metric i.e. the Weyl metric. We will see that it yields no
analytical solution, so we switch to the Newtonian approximation but will
also see that it yields no analytical solution.

In the next section we will give the numerical results of the Weyl metric
and a graphical representation of those results.

4.1 The Weyl metric

We have the Weyl metric

ds2 = −r4mdt2 + r−4m+8m2

dr2 + r2−4mdϕ2 (34)

so the Euler-LaGrange equations become

L = −r4mṫ2 + r−4m+8m2

ṙ2 + r2−4mϕ̇2 (35)

and for the t and ϕ components we have

d

dλ

(
∂L

∂ẋα

)
− ∂L

∂xα
= 0 ⇒ d

dλ

(
∂L

∂ẋα

)
= 0 ⇒ ∂L

∂ẋα
= constant (36)
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For the t component (the conjugate momentum to the t coordinate is the
energy)

−2r4mṫ = K1 ⇒ ṫ =
−K1

2r4m
(37)

and for the ϕ component (the conjugate momentum to the ϕ coordinate is
the angular momentum)

2ϕ̇r2−4m = K2 ⇒ ϕ̇ =
K2

2r2−4m
(38)

Insert 37 and 38 back into 34 and use the fact that ds2 = 0 for photons

−K2
1

4r4m
+ r−4m+8m2

ṙ2 +
K2

2

4r2−4m
= 0 (39)

The approach to solve 39 following the lecture notes does not seem to yield
an analytical solution:

Take equation 39 and multiply by 4r4m

−K2
1 + 4r8m2

ṙ2 +
K2

2

r2−8m
= 0 (40)

Now take the derivative

32m2r8m2−1ṙṙ2 + 8r8m2

ṙr̈ − (2− 8m)
K2

2

r3−8m
ṙ = 0

r̈ + 4m2 1

r
ṙ2 − 1

8
(2− 8m)

K2
2

r3−8m−8m2 = 0 (41)

Now use

u =
1

r
(42)

u′ ≡ du

dϕ
=

u̇

ϕ̇
=
− 1

r2 ṙ
K2

2r2−4m

= − 2

K2r4m
ṙ (43)

u′′ ≡ d2u

dϕ2
=

du′

dϕ
=

du′
dλ
dλ
dϕ

=
8m

K2r4m+1 ṙ
2 − 2

K2r4m r̈
K2

2r2−4m

(44)

=
16m

K2
2

r1−8mṙ2 − 4

K2
2

r2−8mr̈ (45)

Substituting these expressions for u, u′ and u′′ into 41 yields a useful expres-
sion in the lecture notes for the Schwarzschild metric, but in this case of the
line mass it doesn’t.
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4.2 The Weyl metric in the Newtonian limit

Since we weren’t able to obtain an analytical solution to the Weyl metric, we
try a simplification. We have (lecture notes [3] equation 12.9) the following
Newtonian limit for the Weyl metric

ds2 = −(1 + 4m ln r)dt2 + (1− 4m ln r)(dr2 + r2dϕ2) (46)

So
L = −(1 + 4m ln r)ṫ2 + (1− 4m ln r)ṙ2 + (1− 4m ln r)r2ϕ̇2 (47)

and for the t and ϕ components we again have

d

dλ

(
∂L

∂ẋα

)
− ∂L

∂xα
= 0 ⇒ d

dλ

(
∂L

∂ẋα

)
= 0 ⇒ ∂L

∂ẋα
= constant (48)

For the t component

−2(1 + 4m ln r)ṫ = K1 ⇒ ṫ =
−K1

2(1 + 4m ln r)
(49)

and for the ϕ component

2(1− 4m ln r)r2ϕ̇ = K2 ⇒ ϕ̇ =
K2

2(1− 4m ln r)r2
(50)

Insert 49 and 50 back into 46

−K2
1

4(1 + 4m ln r)
+ (1− 4m ln r)ṙ2 +

K2
2

4(1− 4m ln r)r2
(51)

Again this doesn’t lead to an expression usable for determining analytically
the deflection angle of light. Perhaps other substitutions (like the u = 1/r
from the lecture notes) could work, but we weren’t able to obtain them.

5 Numerical solutions to the Weyl metric

5.1 Introduction

In this section we return to equation 34 and take a look at the behavior of
light in the space this metric describes. We start by generating a general
method (section 5.2) that reshapes any metric into an equation for the effec-
tive potential and the full equations for the motion of photons. Calculating



5.2 General Method

We start our derivation of a general method for obtaining photon orbits by
introducing the standard metric in polar coordinates

ds2 = f(r)dt2 + g(r)dr2 + h(r)dφ2 (52)

This is the general metric in polar-coordinates and applies to both the
Schwarzschild metric and the Weyl metric. This is convenient as it allows
us to create a general method to work with and test against known results.
Keep in mind that the non-trivial term dz2 is omitted from the general cal-
culations to keep things simple. It should pose no problem to repeat the
following series of calculations should we be interested in the effect of this
constant of motion.

We want to solve equation 52 by using variational principles. Therefore
we introduce

L = f(r)ṫ2 + g(r)ṙ2 + h(r)φ̇2 (53)

The Euler-Lagrange equations are then given by equation 53. The corre-
sponding constants of motion are given by

∂L

∂ṫ
= −2f(r)ṫ = −2Ct (54)

∂L

∂φ̇
= 2h(r)φ̇ = 2Cφ (55)

Plugging these back into equation 52 gives us:

ds2 =
C2

t

f(r)
+ g(r)ṙ2 +

C2
φ

h(r)
(56)

We further simplify equation 56 by isolating the constant related to dt2 (i.e.
Ct) from the radial variable by multiplying the whole equation by f(r)

f(r)ds2 = C2
t + f(r)g(r)ṙ2 +

f(r)

h(r)
C2

φ (57)

From here we can go two directions: finding an expression for the effective
potential or obtaining the full equations of motion.

5.2.1 Effective potential

The effective potential allows us to to obtain some insight into orbits without
explicitly solving equation 57 and thus predict any results we may obtain later
by solving the full equations of motion.
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Finding an equation for this effective potential starts by seeing that the
constant Ct is related to the energy as in equation 58.

∂L

∂ṫ
= −2f(r)ṫ = −2Ct = −2

√
2ε + 1 (58)

Whereas the constant Cφ is related to the angular momentum as in equation
59.

∂L

∂φ̇
= 2h(r)φ̇ = 2Cφ = 2l (59)

Plugging this into equation 57 yields

f(r)ds2 = 2ε + 1 + f(r)g(r)ṙ2 +
f(r)

h(r)
l2 (60)

Which can be rewritten to an expression for the energy term ε.

ε =
ds2

2
f(r)− 1

2
− l2f(r)

2h(r)
− ṙ2

2
f(r)g(r) (61)

We define the effective potential as

Veff =
ds2

2
f(r)− 1

2
− l2f(r)

2h(r)
(62)

In equation 62 ds2 is determined by the object of interest. For photons we
know that ds2 = 0 whereas for objects with mass ds2 < 0.

5.2.2 Equations of motion

If we now return to equation 57 and plug in ds2 = 0 for photons trajectories,
and differentiate the whole equation we are left with the following differential
equation

0 = ṙ

[
˙f(r)

{
C2

φ

h(r)
+ g(r)ṙ2

}
+ f(r)

{
˙g(r)ṙ2 + 2g(r)r̈ − l2 ˙h(r)

h(r)2

}]
(63)

This equation gives us a value for r̈ as function of ṙ,r and the constant Cφ

which may be included in the functions f(r),g(r) and h(r). Using equation
63 and the appropriate boundary values for r(0) and ṙ(0) we can compute
the full solution for r. Plugging this solution for r back into the equations
54 and 55 provides us with equations for φ̇ and ṫ. Those equations and
the appropriate boundary values for φ(0) and t(0) allow us to compute a
complete path in all three coordinates r,φ and t.
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5.3 Testing the general method with the Schwarzschild
metric

We now have a general method that gives us, for a given metric in the shape
of equation 52, the effective potential of particles and the full motion of
light in the space described by this metric. We now apply this method on
the Schwarzschild metric to verify the results our method produces. This
would give us an indication if our method is correct, both mathematically
and numerically, making sure any features of the spacetime are probably real
and not some numerical artifact.

5.3.1 Effective potential

The Schwarzschild metric is given by:

ds2 = −(1− 2m

r
)dt2 +

dr2

1− 2m
r

+ r2(sin θ2dφ2 + dθ2) (64)

Taking θ = π
2

and plugging this equation into equation 62 gives us:

Veff =
l2

2r2
− ml2

r3
− m

r
(65)

If we plot this equation in figure 1 observe familiar features such as a peak
with increasing height as the angular momentum increases and the steep
drop to Veff → −∞ when r → 0

5.3.2 Equations of motion

Inserting the Schwarzschild metric into equations 65, 58 and 59 yields the
equations of motion for photons

r̈ =
l2

r3
− 3l2m

r4
(66)

φ̇ =
l

r2
(67)

ṫ =
1− 2m

r

1
(68)

Where the constant Ct was chosen to obtain ṫ = 1 in the absence of mass.
By simply computing t and r for photons with starting values ṙ = 1 and
ṙ = −1 we can produce light-cones in the space described by our metric.
The result displayed in figure 2 shows the familiar features of Schwarzschild
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Figure 1: The standard Schwarzschild potential: Veff = l2

2r2 − ml2
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the momenta: l = 5, 4, 3.7, 3.464, 3, 1

2 4 6 8
r

t m=1

Figure 2: Light Cones plotting t as function of r with starting values ṙ = 1
(blue) and ṙ = −1 (orange).
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r=2

m=1

Figure 3: Graphical representation of photon paths combining r and φ using

the starting directions ṙ = 0, φ̇ = 1
r

(grey); ṙ = sin π
4
, φ̇ =

sin π
4

r
(blue) and

ṙ = − sin π
4
, φ̇ =

sin π
4

r
(orange).
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space, for example the cones closer to the Schwarzschild radius are narrower.
Computing both r and φ however gives us the full motion paths of photons
and how those paths are influenced by mass. The results can be seen in

figure 3. Here orange represents the starting values ṙ = − sin π
4
, φ̇ =

sin π
4

r
,

gray represents ṙ = 0, φ̇ = 1
r

and blue ṙ = sin π
4
, φ̇ =

sin π
4

r
. The figure again

shows us all the well known aspects. Including the stable orbit at r = 3m, all
paths leading to r = 0 when emitted from r = m and the bending of light.

5.3.3 The deflection of light

We conclude our tests with the most well known, and experimentally tested,
feature of Schwarzschild gravity, the deflection of light. While figure 3 shows
perfectly how light behaves near matter it is the end result which is most
important to the distant observer. The process can be best described by
figure 4 where a light beam originating from the lower left side of the figures,
passes the point-mass and is deflected into the upper left part of the figures.
Because this situation is symmetric around the x-axis we only need to sim-
ulate the orange part of the beam. This allows us to find a clear relation
between the minimal distance of the photon to the point-mass and the angle
between the incoming and outgoing trajectory. The results are plotted in
figure 5 which shows us the deflection of light by calculating φ for r → ∞
and φ̇ → 0. This deflection angle is plotted against rmin which is the starting
r for an angular photon. Through this data a curve is fitted with φ = C

rmin

where the constant C matches 4m which corresponds to the known relation
known for deflection of light ∆ = 4m

rmin
.

5.4 Using the Weyl metric

Since the general method yields the expected answers for the Schwarzschild
metric we continue to do the same for the Weyl metric.

L = −r4mṫ2 + r−4m+8m2

ṙ2 + r2−4mφ̇2 (69)

∂L

∂ṫ
= −2r4mṫ = −2

√
2ε + 1 (70)

∂L

∂φ̇
= 2r2−4mφ̇ = 2l (71)

From equation 71 we notice both m = 1
4

and m = 1
2

must be a special cases.

For m = 1
4

it follows that rφ̇ which is the physical radial velocity becomes

constant whereas for m = 1
2

the expression is independent of r and φ̇ becomes
constant.
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Figure 4: The path of a single photon passing r = 3m at ṙ = 0 at several
plot intervals.
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Figure 5: The deflection angle 2φr→∞ plotted against the minimal distance
to the mass rmin. Dots: Numerical calculations, Curve: Fit to the data with
2φr→∞ = a

rmin
where a = 4m

Plugging equations 70 and 71 back into equation 69 brings us again to
the metric equation depending only on r, ṙ and some constants.

L = −(1 + 2ε)r−4m + l2r4m−2 + r8m2−4mṙ2 (72)

We reshape this equation and find the energy and the corresponding effective
potential of photons. Here we limit ourselves to photons to use the equation
as a tool to predict their motion and thus the result of further calculations.

εphoton =
1

2
(l2r8m−2 + ṙ2r8m2 − 1) (73)

Veffphoton
=

1

2
(l2r8m−2 − 1) (74)

Plotting equation 74 for several masses yields figure 6. This again shows us
m = 1

4
is a special case where the potential becomes a constant. For m < 1

4

we obtain a potential peak at r → 0 where Veff → ∞, while Veff → 0 for
r → ∞. For m > 1

4
we find steeper and steeper increasing Veff for higher

masses. From here we continue in order to obtain the radial differential
equation.

0 = −(1 + 2ε) + l2r8m−2 + r8m2

ṙ2 (75)
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Figure 6: The effective potential: Veffphoton
= 1

2
(l2r8m−2 − 1) plotted for

angular momentum l = 2 and masses m = 1
6
, 1

4
, 1

3
, 3

8
, 1

2
, 1

0 = (4m− 1)l2r8m + (4m2ṙ2 + rr̈)r8m2+2 (76)

From equation 76 we can compute r using boundary values r(0) and ṙ(0).
Plugging r back into equations 70 and 71 along with boundary values t(0)
and φ(0) we can compute functions t and φ and thus the full paths.

5.4.1 Complete motion

From the effective potential plotted in figure 6 we can predict space is very
different for m > 1

4
and m < 1

4
. To gain more insight in the specific cases

and how it affects the motion of light we will take a look at m < 1
4
, m > 1

4

and m = 1
4

individually.

m = 0 First we will check the validity of our computations by taking a look
at the results for empty space. The equations found by using the Weyl metric
should still return the features of empty space in the absence of mass. Figure
7 shows us a set of light cones which all are perfectly uniform independent of
radial distance. As we expect from flat space dt = dr. From the full radial
and angular motion in figure 8 we see light travels an equal distance and
along a straight path in all directions as it does in flat space.
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r

t m=0

Figure 7: Light Cones with m = 0 plotting t as function of r with starting
values dr = 1 (blue) and dr = −1 (orange)

m < 1
4

We continue onward by using a nonzero mass. As seen in figure
6 there is a multitude of special cases that need our attention. We start with
m < 1

4
where the potential takes the form as V eff = 1

r
. Figure 9 shows

this effective potential for a range of angular momenta. The key feature is
a singularity at r = 0 where Veff → ∞. Light can never reach r = 0 as
was the case in the Schwarzschild metric. On the other end light is free to
escape to infinity as for r → ∞ Veff = −1. Computing t and r we obtain
light-cones which can be seen in figure 10. These show similar behavior as
seen in the Schwarzschild metric however for a Schwarzschild radius of zero.
The light-cones narrow as they approach r = 0 and as predicted from the
effective potential light can never reach r = 0 while it is free to escape to
r = ∞. Computing the full motion paths from we obtain figure 11. All
light-paths end in r = ∞ and we can now conclude this case represents a
naked singularity. An interesting feature when comparing the blue (outward
bound light) in figure 11 with figure 3, describing light in the Schwarzschild
metric, is that they seem much more bend in our Weyl metric compared to
the Schwarzschild metric where they are almost not affected. This feature of
increased bending of light will come back when we talk about deflection of
light.
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r=2

m=0

Figure 8: Graphical representation of light paths combining r and /phi using

starting directions ṙ = 0, φ̇ = 1
r

(grey); ṙ = Sin(π
4
), φ̇ =

Sin(π
4
)

r
(blue) and

ṙ = −Sin(π
4
), φ̇ =

Sin(π
4
)

r
(orange).

26



2 4 6 8 10 12 14
r

0

2.5

5

7.5

10

12.5

15

V
e
f
f

m=
1
����

6

l=5
l=4
l=3
l=2
l=1

l=
1
����

2

Figure 9: The effective potential: Veffphoton
= 1

2
(l2r8m−2−1) plotted for mass

m = 1
6

and angular momenta l = 5, 4, 3, 2, 1, 1
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Figure 10: Light Cones plotting t as function of r with starting values dr = 1
(blue) and dr = −1 (orange).
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Figure 11: Graphical representation of light paths combining r and φ using

starting directions ṙ = 0, φ̇ = 1
r

(grey); ṙ = sin(π
4
), φ̇ =

sin(π
4
)

r
(blue) and

ṙ = − sin(π
4
), φ̇ =

sin(π
4
)

r
(orange).
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m > 1
4

We continue at the other side of the spectrum where m > 1
4

and
we saw in figure 6 the effective potential increased indefinitely and reached
Veff = 0 at r = 0. Computing Veff for several angular momenta shows
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Figure 12: The effective potential: Veffphoton
= 1

2
(l2r8m−2 − 1) plotted for

mass m = 1
6

and angular momenta l = 5, 4, 3, 2, 1, 1
2
.

the same features in figure 12. For this specific mass range photons will
all reach r = 0 and can never escape to r = ∞. The light-cones in figure
13 obtained by computing r and t for m > 1

4
, contradict this statement as

radially outward moving photons seem to have a positive ṫ unlike photons
moving outward inside the schwarzschild radius. Computing r and φ shows
us that these radially outward moving photons are an exception. As seen in
figure 14 all photon paths curve to r = 0. This situation can be described as
un-physical and unsuitable for a better understanding in the bending of light.

m = 1
4

The borderline case at m = 1
4

finally displayed a constant Veff in
figure 6. A combination in the previous two cases shows light can reach
r = 0 and escape to r = ∞. Computing Veff for several angular momenta
shows the same features in figure 15. Increasing potential as angular momen-
tum increases however constant with r. The light-cones show great similarity
with the previous two cases. However figure 16 shows us no new features.
Finally the full motion paths described by r and φ gives us full justification
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Figure 13: Light Cones plotting t as function of r with starting values dr = 1
(blue) and dr = −1 (orange).

to call m = 1
4

a borderline case. All inward moving photons reach r = 0 and
all outward moving photons reach r = ∞.

5.4.2 Deflection of light

The previous results gave sufficient insight in the behavior of light in space
described by the Weyl metric to discuss deflection of light. We have shown
that for m > 1

4
all photons end at r = 0. For m = 1

4
we have a similar

situation only for the half of space (ie. all light directed radially towards the
mass). We will therefore continue using m < 1

4
to describe deflection of light.

Figure 18 is the Weyl equivalent of figure 4 at mass m = 1
6

where two photon
paths (one passing at rmin = 5(blue) and the other passing at rmin = 10
orange) are plotted intervals or ’magnifications’. The short distance bending
of light results in a large distance deflection. As seen in figure 11 the bending
of light is much larger than that seen in space described the Schwarzschild
metric. Light is still curved nine orders magnitude above the minimal passing
distance. We notice that for rmin = 5 (blue) the light is curved a little over
twice around the mass whereas for rmin = 10 (orange) curves more than
twice and a half times around the mass. This behavior is also shows in figure
19 when we finally attempt to plot φr→∞ against rmin. We find an ever
increasing φr→∞ for increasing rmin.
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Figure 14: Graphical representation of light paths combining r and φ using

starting directions ṙ = 0, φ̇ = 1
r

(grey); ṙ = sin(π
4
), φ̇ =

sin(π
4
)

r
(blue) and

ṙ = − sin(π
4
), φ̇ =

sin(π
4
)

r
(orange).
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Figure 15: The effective potential: Veffphoton
= 1

2
(l2r8m−2 − 1) plotted for

mass m = 1
6

and angular momenta l = 5, 4, 3, 2, 1, 1
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Figure 16: Light Cones plotting t as function of r with starting values dr = 1
(blue) and dr = −1 (orange).
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Figure 17: Graphical representation of light paths combining r and φ using

starting directions ṙ = 0, φ̇ = 1
r

(grey); ṙ = sin(π
4
), φ̇ =

sin(π
4
)

r
(blue) and

ṙ = − sin(π
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), φ̇ =
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)
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(orange).
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r=107

Figure 18: The path of a two single photons passing r = 5 (blue) and r = 10
(orange) at ṙ = 0 at several plot intervals.
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Figure 19: The deflection angle 2φr→∞ plotted against the minimal distance
to the mass rmin. Dots: numerical calculations, Curve: fit to the data with
2φr→∞ = ra

min where a ≈ 0.1.

6 Another axisymmetric solution

In this section we will describe another, again simpler form, of a cylindrical
symmetric metric (equation 77). We weren’t able to obtain a coordinate
transformation from the Weyl metric to the metric dealt with in this section.

This simple metric will, after a transformation show some of the remark-
able properties of string lenses (like lensing in a flat space) that will be dealt
with in the next section.

6.1 The axisymmetric metric

We start our investigation with the cylindrical symmetric metric given by

ds2 = −dt2 + r−2m(dr2 + r2dϕ2) (77)

Unfortunately, we were not able to find a coordinate transformation from
the Weyl solutions to this metric. Therefore, we will first check whether this
metric really is an exact solution of the Einstein field equations. Then we
will apply a coordinate transformation, in order to obtain a metric which is
easy to interpret geometrically.
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6.2 Christoffel symbols and the Ricci-tensor

The Einstein field equations are given by the well known equation

Gµν = −8πG

c2
T µν (78)

In empty space, where T µν = 0, it follows that Gµν is also equal to 0. This
again is equivalent to the Ricci-tensor being zero: Rµν = 0. In order to check
whether this Ricci-tensor is zero, we will have to calculate all the Christoffel-
symbols, in order to calculate all of its components

Rαβ = Γµ
αµ,β − Γµ

αβ,µ − Γµ
αβΓν

µν + Γµ
ανΓ

ν
µβ (79)

The Christoffel symbols will be calculated using the Euler-Lagrange equa-

tions ∂L
∂xα =

(
∂L
∂ẋα

).

, in comparison with the geodesic equation ẍα+Γα
βγẋ

βẋγ =

0. The Lagrangian for this metric can be determined in the usual way
(L = gαβẋαẋβ) by

L = −ṫ2 + r−2mṙ2 + r2−2mϕ̇2 (80)

In the calculation of these Christoffel symbols, i, j will represent the spa-
tial components (r, ϕ). We start with the t−components of the Christoffel
symbols

∂L

∂t
=

(∂L

∂ṫ

).

⇒ 0 = −2ẗ

Γt
ij = 0 (81)

For the spatial components we find

∂L

∂r
=

(∂L

∂ṙ

).

⇒
−2mr−2m−1ṙ2 + (2− 2m)r1−2mϕ̇2 = 2r−2mr̈ − 2mr−2m−1ṙ2 ⇒

r̈ − (1−m)rϕ̇2 = 0

So
Γr

ϕϕ = (m− 1)r (82)

and

∂L

∂ϕ
=

(∂L

∂ϕ̇

).

⇒ 0 = (2r2−2mϕ̇).

2r2−2mϕ̈ + 2(2− 2m)r1−2mṙϕ̇ ⇒ ϕ̈ + r−1ṙϕ̇ = 0

So

Γϕ
rϕ = Γϕ

ϕr =
1

r
(83)
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All other Christoffel symbols are zero. With these Christoffel symbols it is
an easy task to calculate the Ricci-tensor. It is easy to see from its defini-
tion, that all cross-terms are zero. The only possible non-zero terms are the
diagonals

Rtt = 0 (all terms are zero.) (84)

Rrr = Γϕ
rϕ,r + (Γϕ

rϕ)2 = − 1

r2
+

1

r2
= 0 (85)

Rϕϕ = −Γr
ϕϕ,r − Γr

ϕϕΓϕ
rϕ + 2Γr

ϕϕΓϕ
ϕr = ...

... = −(1−m)− (1−m)
r

r
+ 2(1−m)

r

r
= 0 (86)

The conclusion of this is that all the Ricci-tensor components are zero and
that the metric given by (77) is indeed a solution of the Einstein field equa-
tions (78).

6.3 Effective potentials

For this metric an effective potential like

Veff = 0.5r2−2m(l2r4m − r2+2m) (87)

can be derived. For various masses and a particular (somewhat random)
specific angular momentum, the effective potentials look like figure 20 on
linear axes, and like figure 21 for log-log plots. If these plots are compared
with the plots for the effective potential in the case of the Weyl-metric, one
can see that the only differences are in the values for m, not in the shape of
the lines. This difference is most likely due to the different units in which
the mass is given.

If the effective potentials are the same, then the qualitative behavior of
the photon orbits in this metric should be the same as well.

6.4 Conical geometry

In order to, at least qualitatively, say something about the meaning of this
metric and the geometry belonging to it, we will apply a coordinate trans-
formation given by

ρ =
r1−m

1−m
, θ = (1−m)ϕ (88)

Inversion of the functions gives us

r = (1−m)
1

1−m ρ
1

1−m , ϕ =
θ

1−m
(89)
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Figure 20: The effective potential for various masses, for l=2. Other values
for the specific angular momentum only will give a vertical displacement of
the lines.
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Figure 21: The same as the previous figure, now with both axes logarithmi-
cally.
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and for the differentials

dr = [(1−m)ρ]
m

1−m dρ , dϕ =
1

1−m
dθ (90)

Mind that ρ goes from zero to infinity, as r did, but 0 ≤ θ ≤ 2π(1 − m),
where 0 ≤ ϕ ≤ 2π. This also puts a constraint on m: m ≤ 1. If we apply
this coordinate transformation to the metric given by (77), we obtain the
following, very easy metric, which turns out to be an exact solution of the
Einstein field equations as well

ds2 = −dt2 + dρ2 + ρ2dθ2 (91)

This of course is a very well known form of a metric: in polar coordinates
this just describes a flat space! The strange thing here, however is θ, which
does not run over a whole circle. This metric describes a flat space where a
wedge is missing. Gluing together θ = 0 and θ = 2π(1−m) you are left with
a cone. Space-time around an infinite line mass has properties like a cone
when described in these coordinates.

7 Gravitational lensing

One of the “classical“ tests of general relativity is the deflection of light.
In equation 91 we derived the metric of a flat space with a wedge missing.
If the space is flat, how can gravitational lensing occur? Can we obtain
an expression for the lens equation and/or an expression for the time delay
between both images? The answers to these question will be given in this
section.

In a recent paper (see [7]) fluctuations in two gravitational lensed images
of a quasar (Q0957+561 A,B) were observed. The interesting thing was that
the fluctuations showed no time delay in both images as would be expected
when the fluctuations originated in the quasar or the lensing galaxy. The
proposed solution was a cosmic string loop passing some 3 kpc from the
earth. This led to the question wether or not cosmic string can produce a
time delay. The answer is that it can, and the reason that it doesn’t in the
mentioned observation is that it’s so close to Earth. In section 7.2 we will
give an equation for the time delay caused by a straight cosmic string.

In another paper (see [6]) an extragalactic double source was detected.
Since both galaxies look the same two possibilities were proposed. The first
is chance alignment of two identical galaxies. The second is lensing by a
cosmic string which produces double images without distortion.

Both probable consequences of cosmic string lensing (time delay and no
distortion) will be discussed below.
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7.1 Distortion-free lensing of cosmic strings

It can be shown (see [8] and our equation 91) that the geometry around
a straight cosmic string is in the weak field limit locally identical to that
of flat spacetime. The angular component θ does not vary between 0 and
2π but between 0 and 2π(1 − 4Gµ) (with µ being the mass per length).
This is the geometry of a cone which is identical to flat spacetime with a
wedge of D = 8πGµ removed. This wedge is called the “deficit angle“ D.
This configuration will produce double images in the way shown in figure
22. Since spacetime is flat, the light emitted from the quasar Q will travel

QS O

O’D

Figure 22: Conical geometry (after [8]) of a straight string. Q = quasar, S
= string, D = deficit angle and O = O’ = observer.

in straight lines towards the observer. The observer is both in O and in O’,
on both sides of the deficit angle D. The string S is located perpendicular
to the plane. (If you were to “glue“ the space together along the line OSO’
you would get a cone.) Since the light travels in straight lines, no distortion
will occur. In this particular configuration, no time delay will occur. This is
not the most general case and a little more explanation is given in the next
section.

7.2 Time delay in cosmic string lensing

Cosmic string lensing does not, in general, produce two images between which
no time delay is observed. However it can be shown (see [2]) that a string
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will produce two images (of for instance a QSO) in the sky separated by

∆θ = D

(
cos α− 1− (1 + zs)

−1/2

1− (1 + zq)−1/2

)
(92)

The first image is at an angle of θ1 of the string and the second image is at
an angle of θ2 of the string. ∆θ = θ1 + θ2. D is the angle deficit, α is the
angle between the string and the plane of the sky (which is perpendicular
to the line of sight) and zs and zq are the redshifts for the String and the
Quasar respectively.

It can also be shown (see [2]) that the time delay of a fluctuation at the
QSO is given by

t2 − t1 = H−1
0 (θ1 − θ2) D

[
1− (1 + zs)

−1/2
]

(93)

From which the no-time-delay follows as a simple consequence when θ1 = θ2.

8 Conclusion

In physics one always has the freedom to choose the coordinate system he or
she prefers. As long as the physics can be described, you can do everything
you like with your coordinates. Care has to be taken, though, that you still
understand what your coordinates actually are and mean. This also became
clear in the course of this report.

In order to say something useful about cosmic string lensing candidates
we tried to solve the Einstein equations for an axisymmetric situation (in 3+1
dimensions, corresponding to a point mass in 2+1 dimensions). In the end we
were left with two constants, one of which was determined by the Newtonian
solution in the weak field limit. Because we were not able to pinpoint the
other constant (using techniques that do work in the Schwarzschild metric)
we switched to a (completely determined) solution found by Weyl.

In this Weyl metric, numerical methods are used to calculate photon or-
bits in a plane perpendicular to the direction of the extension of the line mass.
In this investigation the concept of effective potential is also used. These pho-
ton orbits look very counter-intuitive, but there is qualitative agreement to
what other people found.

To explain qualitatively some statements about the lensing properties of
infinite line masses, yet another, very simple cylindrical symmetric metric is
evaluated. After a very simple coordinate transformation, this metric (which
is an exact solution of the Einstein equations as well, but we weren’t able
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to find an appropriate coordinate transformation from the solution of Weyl)
was easily interpretable as a flat space-time with conical geometry.

In this framework we made two qualitative statements about cosmic string
lensing:

1. There is no distortion of the images when they are lensed. This is so
because space is flat.

2. Contrary to what observers claim in the paper about cosmic string
lensing candidates, there can be a time delay between the images. This
time delay is only absent if observer, string and source are exactly lined
up. This is of course no different from lensing by a point mass.

This whole investigation made the simplifying approximation that the
line of sight from observer to source, was perpendicular to the extension of
the string. In reality this will very likely not be the case. Therefore, to
calculate time delays for cosmic string lenses properly, one will have to take
account of a z−dependence.
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